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1. Introduction
Since Radner (1972) there has been a large body of literature studying general equilibrium economies
with incomplete markets (GEI). The analysis pioneered by Arrow (1951) and Debreu (1960) on economies
with uncertainty and complete markets has been extended in this new direction with contributions ad-
dressing traditional issues, such as existence and eciency of equilibria (see Geanakoplos (1990) and
Magill and Shafer (1991) for up to date surveys).
GEI equilibria are typically not Pareto optimal, and may even fail to achieve second-best eciency. Al-
though, the literature has proposed dierent notions of constrained Pareto optimality (CPO), economists
often refer to Diamond's (1967), Stiglitz's (1982), and Geanakoplos - Polemarchakis's (1986), as the
benchmarks. These notions share the principle that, when implementing an allocation, a central planner
faces the same nancial constraints of the private sector. This implies that the planner's attainable set
contains allocations which are a) resource-feasible, b) achievable through portfolio transfers of the existing
assets.
Stiglitz (1982) was the rst to provide an argument for constrained Pareto suboptimality of GEI. The
intuition behind Stiglitz's result runs as follows. A portfolio redistribution modies individual income
proles, thereby aecting trading decisions and spot prices. This generates pecuniary externalities, which
typically have real eects because markets are incomplete. Therefore, a central planner who accounts for
these externalities can improve upon the competitive markets allocation of risk.
Geanakoplos and Polemarchakis (1986) and later Geanakoplos et al. (1990), formally, established
Stiglitz's result, respectively, in the context of a pure exchange and a production GEI. Precisely, they
derived conditions to prove the generic constrained suboptimality of equilibria. The argument used in
these classical contributions, and in other papers that followed is essentially based on local analysis. They
showed that, for a generic set of economies, equilibria can be locally Pareto improved.1
In this paper we propose a dierent approach to the analysis of the welfare properties of equilibria,
based on the global analysis of the equilibrium set. Our main result (theorem 1) is to show that CPO-
equilibria are exceptional, in the sense that they are contained in a submanifold of the equilibrium set.
To prove this result we proceed in steps. First, we show that the equilibrium set has a ber bundle
structure, which shares most of the properties derived for the equilibrium manifold of a standard Arrow-
Debreu (GE) economy in Balasko (1988). Namely, every ber is a linear submanifold of the equilibrium
set, it is uniquely identied by a no-trade equilibrium, and each equilibrium belongs to a ber only. Since
no-trade equilibria need not be (and typically are not) Pareto optimal, the choice of the parametrization
cannot simply rely on the welfare weights of the Pareto problem, as rst suggested by Lange (1942) for
GE. Yet, under a simplifying assumption (assumption 4), we show that this classical approach can be
extended to incomplete markets, by defying a ctitious planning problem with an extended system of
\welfare weights". This parametrization reduces to Lange's when asset markets are complete.
Second, having recovered the structure of the equilibrium set, we study CPO - equilibria ber-by-ber.
Interestingly, forcing equilibria of each ber to satisfy the necessary conditions for CPO turns out to be
equivalent to impose some linear restrictions on the endowments. This readily implies that each ber
contains a linear submanifold (in fact, a sub-ber) of CPO - equilibria. Then, since each equilibrium
1See, Magill and Shafer (1991) for a discussion of this approach, or the more recent contribution by Citanna et al.(1998).2 MARIO TIRELLI
belongs to a ber only, we derive the structure of the set of CPO - equilibria by taking the union of
these bers (i.e. of the sub-bers of the equilibrium manifold). The bundle structure and, in particular,
the lower dimensionality of the set of CPO-equilibria implies the (generic) constrained suboptimality of
equilibria.
The particular ber-bundle structure we identify says something on the notion of constrained Pareto
optimality. Indeed, along each equilibrium ber, what distinguishes equilibria from CPO-equilibria are
not their allocations but their transfers. This suggests that the notion of constrained Pareto optimality is
one about the eciency of transfers; i.e. the ability of a competitive market economy to allocate resources
relative to an initial distribution.
We complete our analysis for economies with real assets, of which real num eraire assets are a special
case. Extensions to nominal assets, and to mixed asset structures are straightforward. This higher level
of generality of the analysis comes at the cost of an extra layer of complexity. Indeed, because assets are
real, we recover the structure of the equilibrium manifold from that of pseudo-equilibria, which is a ber
bundle that retains a vector space structure only locally, on its bers.
Observe that our geometric argument for constrained suboptimality is substantially dierent from
the one used in the literature. In fact, it does not rely on the characteristics of the parameter space,
but directly on the structure of the equilibrium set and on its \size", compared with that of CPO-
equilibria. This implies that constrained suboptimality can be established without having to appeal to a
genericity argument or to impose a specic measure theoretical structure. Obviously, the two concepts
of dimensionality and measure can be linked.
Surprisingly, to the best of our knowledge, there are no contributions in the GEI literature analyzing
the structure of the set of CPO-equilibria. Moreover, there are very few papers studying the structure
of the equilibrium set too: Balasko-Cass (1989), Siconol and Villanacci (1991), Zhou (1997a,b). The
goal of the rst two is to analyze the indeterminacy of equilibria in economies with nominal assets,
respectively, with variable and xed aggregate resources. Zhou (1997b) studies the structure of the set of
pseudo equilibria and compares its size with the one of equilibria in GEI economies with real assets and
aggregate variable resources. The closest to our paper is Zhou (1997a), where for the rst time a welfare
analysis of GEI is carried out.
Our analysis diers from Zhou's (1997a) in three respects. First, her is only concerned with Pareto
optimality (rst best) equilibria, while we extend the analysis to constrained Pareto optimality. Second,
Zhou assumes variable aggregate resource, we assume xed. The latest is more natural when it comes to
analyze the welfare properties of alternative resource distributions, and it is without loss of generality,
since the results trivially generalize to variable resources. Third, because of xed aggregate resources,
our choice of the parametrization is also dierent. We follow the classical approach outlined by Lange
(1942) for GE economies and extend it to GEI.
Our paper is organized as follows. In section 2, we provide a few basic notions and denitions.
Section 3 states our main result (theorem 1) and outline the steps we latter follow to prove it. These
steps are described in deep in the remaining two sections of the paper. Precisely, in Section 4, we
globally parameterize the equilibrium set and dene its ber-bundle structure. In Section 5, we exploitCONSTRAINED INEFFICIENCY IN GEI: A GEOMETRIC ARGUMENT 3
this structure to establish the welfare properties of equilibria, and prove theorem 1. To improve the
exposition, we collect longer or more detailed proofs in an appendix.
2. Basic notions
2.1. Economy and equilibria.
Economy. We consider a two period pure exchange economy, with uncertainty, and nitely many indi-
viduals and commodities. There are two dates indexed by 0 and 1. Uncertainty is described by a nite
number S  2 of possible states of nature in date 1. Including date 0 as one of the states, we use the
indexing s = 0;1;::;S, and dene N = (S + 1). There are a nite number H  2 of consumer types,
indexed by h = 1;::;H. In each state, L  2 commodities are available for consumption. A bundle of
contingent commodities for h is a vector xh = (::;xh
sl;::)0 2 Rm
+, where m = NL. Without loss of gener-
ality, we allow for economies with xed aggregate resources, ! 2 Rm
++, by letting the initial distribution














eh   ! = 0
)
When !s is constant across s, the economy has no aggregate uncertainty.
Each consumer, h, is initially endowed of a vector eh = (::;eh
sl;::)0 2 Rm
+ of commodities. His preferences
are represented by an ordinal utility function uh : Rm ! R. Two set of assumptions on endowments and
preferences are summarized in the following, and will be maintained throughout the paper.
Assumption 1. (strictly positive endowments): eh 2 Rm
++
Assumption 2. (smooth preferences):3 8h; uh is Cr2, strictly increasing, (Duh(x) 2 Rm
++; 8x 2 Rm
+),
strictly concave, (bD2uh(x)b0 < 0; 8x 2 RN
++;8b 2 Rm; b 6= 0; such that Duh(x)b0 = 0); indierence








We denote the set of utilities which satisfy assumption 2, U.
An economy is characterized by utilities, endowments, and a set of J > 0 (real) assets with payos
R 2 RSLJ of date-1 bundles of commodities.
Competitive markets. Commodities and assets are, respectively, traded in spot and asset markets.
Commodities are traded at spot prices p = (::;psl;::) 2 Rm
++, where p1 2 RSL
++ denotes its date 1
component. Commodity l = 1 in state s = 0 is the num eraire, and its price is normalized to one: ps1 = 1.
We denote the set of normalized prices, P  R
(S+1)L 1
++ .
Assets are traded at prices q = (::;qj;::) 2 RJ in date 0, before uncertainty is resolved. Asset j is a
real claim yielding a contingent dividend, or nancial payo, V j
s = psRj
s for all s > 0. V (p1;R) is the
S  J nancial matrix whose typical element is V j
s . Thus, a portfolio  = (::;j;::)0 2 RJ, traded at
a market value of q in date 0, pays a nancial payo Vs(p1;R) in date 1 if state s realizes. We also
2At least since Pareto's and Edgeworth's, the assumption of xed aggregate resources is natural when it comes to analyze
the welfare impact of resource redistributions. It generally leads to mathematical complications (see Balasko (1988) chp.V),
since it reduces the dimensions along which endowments can be perturbed, thereby strengthening genericity arguments.




2 Rm, where Dxs;luh(xh) = @uh(xh)=@xh
s;l.4 MARIO TIRELLI
dene a price-dividend matrix W(q;p;R), which has the rst row equal to  q and the second row-block
equal to V (p1;R). Asset markets are incomplete, J < S.
Competitive equilibrium. Let us x (u;!) and denote an economy by (e;R) with e in 
(!). At prices






= W(q;p;R)h; h 2 RJ	
The action of h is, respectively, represented by the demand functions for commodities and assets,
xh(p;q;eh;R) =














and spot trades are dened by zh(p;q;eh;R) = xh(p;q;eh;R)   eh.
Denition 1. (Equilibrium) An equilibrium is a tuple (p;q;e;R) such that
P






So far, we have used the asset payo matrix R to parameterize an economy. This implies that for
every spot price p, the columns of V (p1;R) identify an asset span of possibly dierent dimension. As
rst noted by Hart (1975), changes in the dimensionality of the asset span may cause discontinuities of
individual demands. Thus, to avoid these problems and be on the safe side of smooth economies, one can
directly parameterize with respect to the asset span. Formally, this is equivalent to identify an economy
with a pair (e;L), where L is a J plane through the coordinate space RS, which identies a space of
feasible nancial transfers. The collection of such planes denes the Grassmanian manifold, GJ;S.
In this \abstract" economy, without loss of generality,5 we assume that the rst individual is nancially






























for all h = 2;::;H.




h=2 fh(p;L;eh)   !,




(p;L;e) 2 P  GJ;S  











J is the set of -equilibria dened for all possible asset span L in GJ;S. T 
J is the subset
of E
J for which there is no trade.
4For any two vectors x 2 RS, y 2 RSL, we dene xy = (::::;xs(ys1;::ysl;::;ysL);:::) 2 RSL.
5See remark 4 below.CONSTRAINED INEFFICIENCY IN GEI: A GEOMETRIC ARGUMENT 5
Denition 2. (Pseudo-equilibrium) A  -equilibrium is a tuple (p;L;e;R) such that (p;L;e) is an
element of E
J and the column span of V (p1;R) is contained in L. EJ denotes the set of  -equilibria, and
TJ the set of no-trade  -equilibria.
The relationship between equilibria in denition 1 and pseudo-equilibria is established in Proposition
1,2 in Due and Shafer (1985).
2.2. Constrained Pareto Optimality. As in Diamond's (1967), Stiglitz's (1982), and Geanakoplos -
Polemarchakis's (1986), we assume that the planner's attainable set contains allocations which are a)
resource-feasible, b) achievable through portfolio transfers in the existing assets.
More precisely, consider an economy (e;R), in which e = (e0;e1), and e0 is any resource-feasible
allocation achieved by private agents, eventually through asset or spot trade at R. Centralized transfers
are of two types, date-0 lump sum transfers, t = (::;th;::), and portfolio transfers, . They have two
eects on allocations: date-0 transfers modify e0 into e0 + t, and portfolio transfers modify e1 into
e e1 = (::;eh
1 + Rh;::). Since nal allocations depend on the competitive trade that can occur on spot-
markets in date 1, we require they are supported as a date-1 spot-market equilibrium of a date-1 spot-
market economy e e1.6
This notion of feasibility and the related notion of CPO are the ones adopted in Magill and Shafer
(1991), with the only minor dierence that centralized transfers occur at the end of the rst period, when
date-0 spot markets are closed.7
We now provide formal denitions.




++ maximizes uh s.t. ps(xh
s   e eh




s   e eh
s) = 0:
A date-1 spot-market equilibrium is a spot-market equilibrium in s, for s = 1;::;S. The set of spot-markets
equilibria in s is Es and E1 = s1Es denotes the set of date-1 spot-market equilibria.
Denition 4. (Constrained feasible allocations - CF) A consumption allocation x = (x0;x1) is






0 + th, for all h,
3) (p1;x1) is a date-1 spot-market equilibrium at e e1 = (::;eh
1 + Rh;::).
6e e are the \virtual endowments" dened by Magill-Shafer (1991) (for more, see the Remark on pg. 1593).
7The notions used in the literature have some minor dierences (see Magill and Shafer (1991), chapter 5, for a detailed
discussion of this subject). For example Geanakoplos and Polemarchakis (1986) assumed that the planner does not use
date-0 transfers, and consider economies in which there is no date-0 consumption. Werner (1991) added date-0 consumption,
but maintained the assumption that the planner can only control portfolio transfers, taking some initial date-0 allocation
x0 as given. Magill and Shafer (1991) removed the latter restriction and assumed that the planner uses num eraire transfers
in date 0 and allow re-trading both in date-0 and date-1 spot markets. A substantially dierent notion of feasibility and
CPO (known as weak constrained eciency) is instead the one suggested in Grossman (1977), and Grossman and Hart
(1979). There, centralized allocations must be supported as a GEI equilibrium; i.e. the central planner intervenes when all
markets -including the asset markets- are open.6 MARIO TIRELLI
For simplicity, suppose that date-0 transfers are denominated in the numraire commodity: th =
(h;0;::;0) 2 RL. Clearly if (p;q;e;R) is an equilibrium of a GEI economy with allocation (x;), then
(p1;x1) is a spot-market equilibrium at e e1. Moreover, this allocation x is CF, as it can be seen by letting
h = qh for all h. Finally, since in a date-1 spot-market economy spots are isolated, i.e. the individual
budget constraint takes the form ps  (xh
s   e eh
s) = 0 in every s, we can re-normalize prices by setting
equal to one the price of the rst commodity in every spot.
Denition 5. (Constrained Pareto optimal allocation - CPO) A consumption allocation x is a
CPO at (e;R) if it is not Pareto dominated by any other allocation that is CF at (e;R).
Suppose CPO allocations exist; to be able to characterizing them using calculus we restrict attention
to regular spot-market economies. Formally, we constrain virtual endowments e e1 in denition 4 to be
in a generic subset of 
(!) such that every corresponding spot-market equilibrium (p1;x1) is a smooth
function of e e1.8
Consider an equilibrium (p;q;e;R) with an allocation (x;) and a nancial payo matrix V (p;R) of
full rank. x is supported as a date-1 spot-equilibrium (p1;x1) of an economy e e1 = (::;eh
1 + Rh;::). For
simplicity, assume the following.













e e1 = (::;eh
1 + Rh;::); h = 0
where vh() and h, respectively, denote the date-1 indirect utility function and the welfare weight of h;
while P1 is the smooth price functional of a date 1 price-income equilibrium.




















= 0;8h  2; 8j:
where, letting mh denote p1 e e1, the rst term on the left hand side is the aggregate income eect, and
the second is the aggregate relative price eect. Let b h = @v
h
@mh denote the vector of marginal utility of
















sl + b h
se eh





1   e eh
1 for all h, and
P
e zh
1 = 0. Letting h
s = hb h
















= 0; for all h  2; all j
8This same procedure can be found in Magill and Shafer (1991) p.1596. The existence of such a subset of regular
economies can be shown using standard techniques: once it is established that E1 is a manifold, one can dene a smooth
natural projection, mapping this set onto the set of endowments (see the discussion in chapter V, Balasko (1988)).CONSTRAINED INEFFICIENCY IN GEI: A GEOMETRIC ARGUMENT 7
Next, recall that to study the welfare properties of an equilibrium, we evaluate (2:4) at an equilibrium. Let
h = 1=h
0; h = (1;h
1) is the S vector of normalized state prices of h at an equilibrium.9 Individual
rst order optimality conditions imply no-arbitrage:
 
h   1
V j = 0 for all h;j. Following Stiglitz










This last condition says that a CPO-equilibrium is one such that there do not exist, feasible, portfolios
redistributions that can induce indirect welfare eects; with \indirect eects" meaning eects propagating
through changes in relative spot prices (i.e. \pecuniary externalities").
Finally, it is useful to recall the exact form of DP1. First of all, DP1 is well dened if DPZ1(p;m)
is invertible,
DP1 =  (DPZ1) 1DZ1
This, in our context, says that DP1 = 0 if, at least locally, agents have the same \propensities to
consume",11 h
1 = Dmhe xh
1:
DZ1 = (:::;Dh




Dmhe xh   Dm1e x1
V j
Next, recall that the Slutzky matrix is the inverse of the Jacobian of the individual demand system. Since
here we are concerned with a spot-market individual demand, let us consider the individual demand of





















































1 is evaluated at e xh
1 = e xh
1(p1;mh).
Rapping up, DZ1 is a function of the date-1 spot-equilibrium allocation x1 and of the nancial
matrix V . This leads to the following important remark.
9Consider the representation of a Planner problem in which h is the Lagrange multipliers associated to the constraint,
vh
1 (P;m)  vh
1, and take vh
1 to be the utility level achieved at date 1, in a competitive equilibrium. Then, letting h = 1=h
0
is equivalent to say that there exist welfare weights such that the original equilibrium satises CPO necessary conditions;
this is in the spirit of the I welfare theorem. If, instead, we x welfare weights, and we ask if an allocation that satises
necessary conditions for CPO can be achieved at equilibrium, then we need to introduce date-0 transfers. The latter is the
perspective of the II welfare theorem.
10DP1 = (:::;Dh
j





11This case requires utilities to behave, at least locally, as ones having a Gorman form.8 MARIO TIRELLI
Remark 1. For any xed consumption allocation, portfolio allocation, nancial and real payo matrices,






1   Rh)DP1(x1;V ) = 0
is linear in e1.
3. Main result
In this section we argue that CPO equilibria are \exceptional" in the sense that we make precise as
follows.
Theorem 1. CPO - equilibria are contained in a lower dimensional submanifold of the equilibrium set.
Our proof of theorem 1 uses a few interesting preliminary results, and is deferred to section 5. Precisely,
to prove this theorem, we rst derive a global parametrization of the equilibrium set. This parametrization
is intuitive and allows as to characterize the equilibrium set as a ber bundle. In the process, we show
that this characterization shares most of the properties presented for Arrow-Debreu (GE) equilibria in
Balasko (1988):
 every ber is contained in the equilibrium set;
 every ber is a linear submanifold of the equilibrium set;
 every ber contains only one (and is therefore identied by a) no-trade equilibrium;
 every equilibrium belongs to one ber only.
 the set of equilibria is obtained by taking the disjoint union of its bers
Moreover, if asset markets are complete the equilibrium set is equivalent to the set of equilibria of
economies with contingent markets, reproducing Balasko's characterization of GE as a special case.
Then, we prove our main result by showing that,
 each bber contains a linear submanifold of CPO-equilibria with the property that all these equi-
libria have the same allocation but dierent levels of trade. This linear submanifold is a sub-ber
of the equilibrium set.
 the set of CPO-equilibria is a submanifold of the equilibrium set, obtained by taking the disjoint
union of its sub-bers.
The basic idea behind our characterization is as follows. In GE economies, no-trade equilibria are
Pareto optima (PO), i.e. the I Welfare Theorem applies. Therefore, as rst noticed by Lange (1942), no-
trade GE can be simply recovered using the solutions of a PO problem; the parametrization of the set of
PO is indeed a global parametrization of the set of no-trade GE. In extending this logic to economies with
incomplete markets, we run into two obstacles. First, no-trade GEI are, typically, not PO. Second, CPO
equilibria, generically, entail some trade across agents (i.e. they do not belong to the no-trade equilibrium
set). We outrode the rst obstacle by showing that no-trade equilibria can actually be represented as
solutions of the following \modied" planner's problem: let utilities be state-separable (see assumption
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at \welfare weights"  = (1;:;h
s;::) 2 RH(S+1): Dierently from Pareto optima, in this problem welfare
weights are state-contingent. Moreover, we show that in GEI with (S  J) degrees of market incomplete-
ness,  lives in a (H   1) + (H   1)(S   J)- dimensional set. If markets are complete, and J = S, this
parametrization is the one used for no-trade GE. However as J decreases, falling below S, the dimension-
ality of the parameter space increases. In the limit -when J = 0- the dimension of the parametrization is
the one corresponding to the equilibrium set of a (S + 1)  spot-market economy, in which each spot is
indeed an isolated Arrow-Debreu economy.
Equipped with this parametrization of no-trade, the global structure of the equilibrium set is easily
derived. For every no-trade equilibrium, (p;L;x;R), one can identify the set of  -equilibria (p;L;e;R)
with active trade z = x e. This boils down to considering the set of economies parameterized by initial
endowments e such that (x) is budget-feasible and satises markets clearing at (p;L;e;R). This subset
of 
(!) has dimension n + SJL, where n = (H   1)(m   (S   J + 1)). Therefore, for xed aggregate
resources, one nds that the  -equilibrium manifold is described by taking the disjoint union of its bers,
where each ber is identied by a no-trade  -equilibrium:12
EJ  = TJ  Rn
++  = 
(!)  RSJL
Next, we still have to overcome the second obstacle. Even though we have been able to parameterize
no-trade equilibria, we still have to show that this is what we eectively need to parameterize the set
of CPO-equilibria. Recall that, unlike for Pareto optima, this is not obvious because CPO-equilibria
do typically entail some trade. Yet, this trading activity are easier to represent if CPO-equilibria are
analyzed ber-by-ber. Restrict attention to the generic set of economies, 
R, such that  - equilibria
are characterized by a nancial matrices, V , of full rank. An equilibrium ber is identied by a no-trade
allocation x. Along this ber equilibria share the same allocation, x, and the same triplet of prices,
real payo matrix, nancial matrix, (p;R;V ), but dierent trades, (z0;z1;). A necessary condition for






1   Rh)DP1 = 0
This is convenient since now the last expression is linear in date-1 endowments (see remark 1 above).
Therefore, along each ber CPO-restrictions impose c  (H   1)J < n independent linear constraints
on the endowments, on top of the equilibrium ones mentioned above.13
Interestingly, what distinguishes equilibria from CPO-equilibria -along each equilibrium ber- are
not their allocations but their transfers. This suggests that the notion of constrained Pareto optimality is
one about the eciency of the system of competitive trades, rather than of allocations. Put it dierently,
it is akin to evaluate how well competitive markets allocate resources relative to an initial distribution.
12 = denotes equivalence up to a homeomorphism.
13We shall argue that c > 0, by noticing that c = 0 occurs only for a null subset of economies parameterized by
endowments and utilities.10 MARIO TIRELLI
4. The structure of equilibria
We, rst, proceed by studying the global structure of -equilibria. The results obtained, and in
particular the parametrization of -equilibria, are then used to pin down the ber bundle structure of
the set of pseudo-equilibria. Since these bundles have GJ;S as a base space, we begin by stating some well
known properties of Grassmanians.
4.1. Grassmanians. GJ;S is the smooth compact manifold of J-planes in RS. Let Y denote the manifold
of (S J)J matrices of rank S J. Any Y in Y induces some element L of GJ;S: L = fy 2 RS : Y y = 0g.
Dene the equivalence relation  on Y as, Y  Y 0 if and only if there exists a non-singular, square, matrix
B such that Y 0 = BY . We identify GJ;S with the quotient space Y= .
To make explicit the dierentiable structure of GJ;S, we now describe its atlas.14 Let  be a permutation
of f1;::;Sg,  the set of all such permutations, and  the S  S permutation matrix associated to .
For every L in GJ;S there exists a  2 , and a unique local coordinate system A 2 RS JJ of L:
A =  (L) where   is a homeomorphism of W = fL 2 GJ;S : 9A 2 R(S J)J s:t: (IS J j A) 2 Lg
onto RJ(S J). fW; g2 is a smooth atlas for GJ;S. Moreover, the union of W over  denes an
open cover of GJ;S, implying that GJ;S is a compact smooth manifold.
Over the same base space GJ;S, we dene two vector bundles:15 the canonical vector bundle  =

L;y 2 GJ;S  RS : y 2 L
	
, and its orthogonal complement ? =

L;y 2 GJ;S  RS : y?L
	
. GJ;S splits
as a Whitney sum of ;?:  ? = RS.16 That is, RS is (locally) equivalent to a vector space spanned
by (y;y0) where, for all L 2 GJ;S, (L;y) 2  and (L;y0) 2 ?.
4.2. Parametrization. Our choice of parametrization for the equilibria is better understood by recalling
a classical result in GE (see Lange 1942).
Let welfare weights  = (1;::;H) be in the interior of the (H   1)-simplex, 
H 1
++ . x  0 is a GE
allocation if and only if it maximizes
(4.1) huh(xh) s:t: xh  !
Using strict concavity and monotonicity of utilities, the latter holds if and only if x solves the system
of rst order conditions, xh = ! and hDuh    = 0; for some  2 Rm
++. This implies that
x = (x1;::;xh;::) 2 
(!) solves
rh(xh)   r1(x1) = 0; 8h  2
where rh = 1
D01uhDuh: The rst line is a well known optimality condition: at a Pareto optimal allocation











= 0; 8(h;l)  (2;1);
14See Fact 3 in Due and Shafer (1985), and Hirsch (1976) for denitions and references.
15A ber bundle with vector space structure on bers is a vector bundle. See chapter 4 in Hirsch (1976) for a detailed
exposition on vector bundles on GJ;S.
16 denotes the Whitney sum. This operates as a direct sum across the elements of the 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where h is a vector valued function whose values are in RS:
To check that the solution x  0 of the Pareto problem (4.1) is indeed an equilibrium, it basically
amounts to verify that each of its components, xh; satises consumer h problem at ( 1
01;xh). Clearly,
since we are endowing consumers with demand allocations, a no-trade equilibrium arises. The converse
is also immediate, and provides a calculus argument to establish the I Welfare Theorem. Therefore, it is
easily understood that the no-trade equilibrium manifold of an Arrow-Debreu economy is equivalent to

H 1
++ , independently on the number of commodities and states.
Since GE, contingent markets, economies are substantially equivalent to complete markets GEI, we
claim that the latter parametrization applies to these economies too. Moreover, interpreting  as a
measure of individuals disagreement on state-prices, we verify that -at a Pareto optimal allocation- this
is zero, i.e. agents share the same evaluations of future contingent income proles.
Next, consider the opposite extreme case of a GEI economy in which nancial markets are totally
incomplete. This economy is equivalent to the (S+1)-copy of a standard GE economy with L commodities.
Thus, indexing welfare weights with respect to the states, we conjecture that the manifold of no-trade
equilibria of a GEI economy with no asset markets is equivalent to S+1
H 1
++ .
The remaining question is how to parameterize equilibria for \non-trivial" GEI economies, in which
markets are partially incomplete. The following assumption simplies the characterization of (no-trade)
equilibria, and it is necessary to extend Lange's.














s) s.t. xh  !
at \welfare weights"  = (0;::;s;::);
0 = (:::;h;:::) 2 
H 1
++ ; s = (:::;h=(1 + h
s);:::); 8s  1
1 = 0;  = (h)h>1; (L;) 2 MJ = fL; : h 2 L?; h
s 6=  1; 8(h;s) > (1;0)g:
To get an intuition of why our conjecture is true, we can proceed as for GE economies. To verify that
a solution x  0 of (4.3) is an -equilibrium, we have to check that each of its components xh satises
consumer h problem at ( 1
01;L;xh). Indeed, let x be an interior optimum at (p;L;e); then there exist
multipliers, (h;
h) 2 R++  RS J, such that,
r1(x1) = (p0;p1)




















2 L?; 8(h;l)  (2;1)
Thus, expanding our parametrization to  allows to describe a much reacher set of equilibria than the
one containing just Pareto optima. Let us denote by MJ the parameter space of typical element (L;)
dened for an economy with a J-dimensional asset span. MJ summarizes all the \relevant" information12 MARIO TIRELLI
concerning asset markets, encompassing \trivial" GEI too. In fact, if markets are complete (S = J), then
L? = f0g implying  = 0; therefore  = 0, and dimMS = 0: consumers' normalized gradients are all
equal to p. At the other extreme, if there are no assets (J = 0), L? = RS, dimM0 = (H 1)S+J(S J).
Thus, if (H  1) > S, consumers' state prices may span RS (i.e. there may be \maximal disagreement"
among consumers).
The next lemma establishes the global structure of MJ as a vector bundle over GJ;S; where MJ is
regarded as the total topological space, GJ;S as the base space, and J as the projective map.
Lemma 1. MJ is a vector bundle over GJ;S, MJ  = (H   1)?.17 Its projective map, J, identies a
unique L for each (L;) in MJ.
Proof: see the Appendix.
Since MJ has a vector space structure on its bers, locally (on its base space) it is also a manifold of
dimension (H   1)(S   J).
4.3. The structure of no-trade -equilibria. To derive the structure of the equilibrium set we will
appeal to Lemma 3.2.1 in Balasko (1988), limiting our proofs to the denition of the required dieomor-
phisms:
Lemma 2. (Lemma 3.2.1 in Balasko (1988)) Let  : X ! Y , and  : Y ! X, be two smooth mappings
between smooth manifolds such that the composition    : Y ! Y is the identity mapping. Then, the
set Z = (Y ) is a smooth submanifold of X dieomorphic to Y .
The denition of a parametrization, Y , is an essential step in the derivation of our next results.
Proposition 1. T 
J , is a manifold dieomorphic to 
H 1
++ MJ. Moreover, as a ber bundle over GJ;S,
T 
J  = "H 1  (H   1)?. 18
Proof: see the Appendix.
To apply lemma 2, we let Y = 
H 1
++ MJ, and X = E
J . For the time being, we will assume that E
J



















is restricted to E
J , (x1;(xh)h2) = (g1(p;e1);(fh(p;L;eh))h2) are equilibrium alloca-
tions.




++  MJ ! P  GJ;S  








17 = denotes an homeomorphism relationship.
18"n
B denotes the trivial vector bundle (B  Rn;B;) with base space B; a ber bundle that has a global (instead of a
local) vector space structure. We drop the scripts n;B, from ", when they clearly emerge from the context.
19This is well known, and is established in Fact 9 of Due and Shafer (1985).CONSTRAINED INEFFICIENCY IN GEI: A GEOMETRIC ARGUMENT 13
where we take x to be the maximizer of problem (4.3), with \welfare weights"  dened accordingly.
Remark 2. (The structure of T 
J ) When J 2 f0;Sg the set of no-trade -equilibria has a (globally) trivial
(vector space) structure. Using T 
S to denote the no-trade complete markets version of T 
J , it is easy to
see that, T 
S  = 
H 1
++ .20 This is the case in which  = 0, and consumer gradients are collinear. On the
other extreme, when asset markets are totally incomplete, we have T 
0  = s
H 1
++ . In all intermediate
cases, 0 < J < S, T 
J  = T 
S  (H   1)?; namely T 
J retains a vector space structure only locally on
GJ;S.
4.4. The structure of -equilibria with active trade. Next, consider the set E
J of abstract-
equilibria in which consumers trade an initial set of resources (or endowments). The new parameter
space will then be enlarged by the dimensionality of the space of relevant spot trade opportunities,
n  (H   1)(m   (S   J + 1)).
Proposition 2. E
J is a smooth manifold dieomorphic to 
(!)  R(S J)J. Moreover, as a ber bundle
over GJ;S, E
J  = "(H 1)+n  (H   1)?.
Proof: see the Appendix.
In order to apply Lemma 2, let X = 
H 1
++  MJ  Rn




: P  GJ;S  
 ! R
H 1
















++  MJ  b 
 ! P  GJ;S  









 be a section of 
(!), dened as follows. Observe that (p;L) in the image of E

support a
no-trade equilibrium. To achieve an equilibrium with active trade it suces to restrict endowments to
satisfy individual budget balance and overall feasibility. This implies that we should restrict e to satisfy:
p(xh   eh) = 0 all h  2
(IS J j  (L))(p1(xh
1   eh




evaluated at x = x(;L;). This can be done, for example, by constraining the following d  (H   1) +





sl)(s;l)(0;1), to satisfy (4.4). Then,
b 
  Rn
++ with n = Hm d = (H  1)(m (S  J +1)) is the section of 
(!) containing all but the
constrained endowments.
20See Balasko (1988), section 3:3 for details on the structure of no-trade -equilibria when markets are complete.14 MARIO TIRELLI
4.5. Economies with real assets and pseudo-equilibria. Observe, rst, that an -equilibrium
(p;L;e) of an abstract economy (L;e) is indeed a  -equilibrium of each of those real assets economies
(R;e) such that R induces a nancial market structure V (p1;R) whose column span is contained in
L. That is, loosely speaking, for every (p;L;e) there are multiple real assets economies whose nancial
market possibilities, at p1, are feasible in an abstract-economy (L;e). It helps to formalize this concept
by dening a set of nancial market possibilities with real assets. When, restricted to P  GJ;S  RSLJ,
this set is
MJ = fp;L;R : (I j  (L))V (p1R) = 0; 2  s:t:L 2 Wg:
The set of  -equilibria can now be redened accordingly,
EJ = fp;L;e;R : (p;L;e) 2 E
J ; (p;L;R) 2 MJ)g:
Lemma 3. MJ is a manifold dieomorphic to P  RSJL. Moreover as a ber bundle over GJ;S, MJ  =
"NL 1+SJ(L 1)  J.
Proof: see the Appendix.
Proposition 3. EJ is a smooth manifold dieomorphic to 
(!)  RSJL. Moreover, as a ber bundle
over GJ;S, EJ  = E
J  MJ.
Proof: see the Appendix.
In order to apply lemma 2, rst, let V denote a SJ-matrix and NJ = fL;;V : h 2 L?;< V > Lg,
where < V > denotes the space spanned by the columns of V . Along exactly the same lines of lemma
1, we can show that NJ is a vector bundle over GJ;S, NJ  = (H   1)?  J, and a smooth manifold
dieomorphic to GJ;S  R(H 1)(S J)+J
2
' R(H 1)(S J)+SJ.
Next, let X = P  NJ  b 
  RSJ(L 1) and Y = P  GJ;S  
(!)  RSJL. Dene the map
E : PNJ  b 
RSJ(L 1) ! PGJ;S 
(!)RSJL such that E(p;(L;;V );b e;r( 1)) = (p;L;e;R),
with (p;L;e) 2 Im(E

(p;L;;b e)), and R that satises the following restriction: its components
referring to commodity l = 1 satisfy V (p1;R) = V , all its remaining components are equal to the
corresponding entries of r( 1).21 Finally, let E : P  GJ;S  
(!)  RSJL ! P  NJ  b 
  RSJ(L 1)
be such that E(p;L;e;R) = (p;L;;b e) where (p;L;;b e) = E

(p;L;e), V = V (p1;R).
Then, denote by Es the Arrow-Debreu equilibrium manifold in the state s economy, and by E the GE
manifold of an economy with a complete set of contingent markets. We can state the following corollary
without proof.
Corollary 1. EJ has a (globally) trivial (vector space) structure if and only if J 2 f0;Sg.
1) the set of equilibria is the Cartesian product of the set of the S+1 spot-market equilibria, E0 = S
s=0Es
i markets are \totally" incomplete, J = 0.
2) The set of equilibria is equivalent to the set of Arrow-Debreu equilibria, ES = E, i markets are
complete, J = S.
If 0 < J < S, EJ retains a trivial structure only locally, on GJ;S.
21r = (r(1);r( 1)) 2 RSLJ represent the whole vector of real payos in R, where r(1) = (r1
11;:::;rJ
S1) 2 RSJ refers to
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Finally, appealing to remark 2, a second corollary applies.
Corollary 2. The set of no-trade  -equilibria is a smooth manifold dieomorphic to R(H 1)(S J+1)+SJL
GS;J. Moreover, as a ber bundle over GJ;S, it is homeomorphic to T 
J  MJ.
Remark 3. (Equilibria) Theorem 2 in Due and Shafer (1985) establishes that there is an open set of
economies 
  R  
  RSLJ with null complement such that an equilibrium with real asset exists for
every (e;R) 2 
  R. The proof of this theorem relies on the fact that for a generic set of economies,
 -equilibria are characterized by a nancial matrix V of full column rank J. Indeed, this implies that for
every  -equilibrium (p;L;e;R) and associated matrix V (p1;R) of full rank, there exists a pair (;q) such
that (p;q;e;R) is an equilibrium with portfolios  (see their Proposition 1,2). See also Zhou (1997b), who
derives this result comparing the size of the two sets of equilibria.
Remark 4. (Symmetric equilibria) In this section we have considered an economy in which the rst
consumer is nancially unconstrained. This goes with the name of \Cass trick" and has been used
repeatedly in the GEI literature. It simplies and is without loss of generality, since for most of the
analysis it suces to know that the equilibrium manifolds of the economies with symmetric agents and
with a nancially unconstrained one are equivalent, at least up to a dieomorphism. For the case of real
assets we refer to Magill-Shafer (1991), p.1534.
4.6. The ber bundle structure of  -equilibria. We are now going to dene the ber bundle struc-
ture of EJ. This will then be used to study the welfare properties of equilibria in the next section.
Denition 6. A ber associated to  = (;(L;;V );R( 1)) 2  = 
H 1
++  NJ  RSJ(L 1) is a set,
F, of typical element (p;L;e;R) 2 P  GJ;S  
(!)  RSJL: F is the inverse image of fg  b 
 by
E.
Denition 6 is better understood by looking back at the above results. In particular, proposition 3
and corollary 2 imply that EJ is homeomorphic to "n  T 
J  MJ. This, loosely speaking, says that we
can x no-trade  -equilibrium, and generate an n -dimensional set of equilibria with active trade, in EJ.
Precisely, recall that E : EJ !   b 
, associates to every equilibrium (p;L;e;R) a unique , where
b 
  Rn. Moreover, since each  identies a no-trade,
(4.5) F = (E) 1(fg  b 
)
Notice that a ber associated to  contains those equilibria in EJ which: i) are compatible with a
xed pair (p;L), a xed equilibrium allocation (the corresponding no-trade equilibrium allocation), and
a xed real and nancial assets structure (R;V ); ii) have dierent level of endowments b e in b 
, and thus
of trades z.
Our bers have a few interesting properties, which are analogous to those established for Arrow-Debreu
equilibria in Balasko (1988).
 Every ber is a subset of EJ:
In fact, by denition, (E) 1() = (p;L;e;R) is an element of EJ.
 Every ber is a linear submanifold of EJ, of dimension n.16 MARIO TIRELLI
This also follows by denition (equation (4.5)).
 Every ber contains only one no-trade  -equilibrium.
This follows from the structure of no-trade, which are dieomorphic to R(H 1)(S J+1)+SJLGS;J (see
corollary 2).
 Every  -equilibrium belongs to one ber only.
This follows from denition 6: each ber is identied by a unique no trade equilibrium. This does also
explain the following,
 Fibers can be \glued" together by letting  vary on : EJ  = _ [F:22
5. Welfare properties of equilibria
Let E
J denote the  -equilibrium manifold restricted to 
  R. By defying the dieomorphism E

accordingly, we obtain a ber-bundle structure of equilibria that shares the same properties of the one
described in the last subsection. Moreover, by remark 3, now each equilibrium ber contains  -equilibria
with a full rank nancial matrix V and well dened portfolio transfers .
We now characterize CPO-equilibria ber-by-ber. Let  identify a ber of E
J. Along this ber
equilibria share the same allocation (the no-trade allocation identied by ), the same prices, the same
real payo matrix and nancial matrix, (x;p;R;V ) respectively. Since V is of full rank, each equilibrium
with date-1 spot trade (::;zh
1;::) = (:::;xh
1   eh
1;:::) has portfolios  = (::;h;::) such that h satises
p1zh
1 = V h for all h  2 and 1 = h>1h. A necessary condition for a  -equilibrium (p;L;e;R) with
allocation (x;), on a ber , to be CPO is that portfolio transfers  satisfy conditions (2.5), or (2.8).






1   Rh)DP1(x1;V ) = 0
where P1() is the equilibrium spot-prices function. As noted earlier in remark 1, from a simple inspec-
tion of (5.1) one sees that this is linear in e1. Therefore, along a ber, we identify CPO-equilibria by
superimposing the condition that e1 satises (5.1), evaluated at the equilibrium variables.23 This implies
the following.
 Each ber contains a linear submanifold of CPO-equilibria with the property that all these equi-
libria have the same allocation but dierent levels of trade. This linear submanifold is a sub-ber
of the equilibrium set, F;e, where e 2 Rc; 0 < c  (H   1)J.
 Clearly, F;e is a (lower dimensional) submanifold of F, of codimension c.24
Finally, we can use the fact that each CPO- equilibrium belongs to one ber, and conclude that
 there exists a set of CPO-equilibria that is identied by taking the disjoint union of sub-bers,
ECPO
J  _ [F;e:
22 _ [ denotes the disjoint union of sets.
23Since the planner's problem needs not be convex, bers may identify equilibria which fail to satisfy second order
conditions for CPO.
24To compute its actual dimension, suppose that c = (H   1)J, i.e. CPO-conditions (5.1) are independent equations,
then dimF;e = n   (H   1)J = (H   1)((S + 1)L   (S   J + 1))   (H   1)J, which is equal (H   1)(S + 1)(L   1).CONSTRAINED INEFFICIENCY IN GEI: A GEOMETRIC ARGUMENT 17
These last three items rely on the fact that c > 0; i.e. the conditions in (5.1) are not trivially satised at
equilibrium. There are a few well known sucient conditions that can be invoked to show that (5.1) holds
at an equilibrium (see Stiglitz (1982) or Geanakoplos and Polemarchakis (1986)): (i) identical, individual,
state-prices (h = 0, for all h); (ii) no trade; (iii) asset redistribution have no price eects (DP1 = 0).
These conditions are non-generic in the sense that they hold only for a null subset of economies. More
precisely, (i) does not typically hold in an equilibrium of a GEI economy; while properties (ii) and (iii) are
non-generic for competitive economies regardless their markets are complete or incomplete. For the rst,
observe that the set of equilibria satisfying (i) is Pareto optimal, and thus it is dieomorphic to the set of
no-trade GE, TS. Based on what argued in remark 2 for -equilibria, we know that TS is a submanifold
of TJ with positive codimension. Thus, by Sard's theorem,25 there exists a generic set of economies
for which equilibria do not satisfy (i). An analogous dimensionality argument can be used for (ii): we
showed that TJ is a submanifold of EJ (see corollary 2). As for (iii), this holds if agents have identical
marginal propensities to consume (see the discussion in section 2.2). Inspection of equation (2.7), dening
the marginal propensity to consume, hints that one can use local perturbations of the Hessian of utilities
to locally control the propensities to consume. These perturbations can be designed such as to change
the Hessian of a consumer without aecting his utility gradient, and thus his consumption choices. This
argument has been extensively used in the GEI literature to show that there exist an open and dense set
of utility functions such that the economies parameterized by these utilities generate equilibria in which
(iii) does not hold.26
We summarize our discussion in the following.
Remark 5. There is an open and dense set of economies 
 R U  
RSLJ U such that for
every one of such economies equilibria imply that c > 0.
We can now exploit the above results to prove our main result.
Proof of Theorem 1: We just need to use the fact that the set of CPO-equilibria, ECPO
J , is contained
in a submanifold of the equilibrium set, _ [F;e: 
Finally, the ber bundle structure of EJ can be used to establish the, generic, constrained ineciency
of equilibria. This comes again as a straightforward application of Sard's theorem, implying that the set
of economies with CPO-equilibria is null.
Appendix
Proof of Lemma 1: We limit our proof to the construction of a local isomorphism. Fix L 2 W,
with A =  (L) identifying the local coordinate system of L. Dene, h( ) =  (IS J j  (L)),
where   2 R(H 1)(S J) and   (L) have elements dierent from  1.  2 Imh( ) and (L;)
is an element of MJ. h is injective:  (IS J j A) =  0(IS J j A) implies   =  0. h is
surjective: every  2 Imh( ) is, by denition, made of (H  1)-vectors in L?; hence there exists a non
25See, for example, Guillemin and Pollack (1974), p. 205.
26See the seminal paper by Geanakoplos and Polemarchakis (1986), and particularly their proof of proposition 5; or
Magill and Shafer (1991) p.1600.18 MARIO TIRELLI
trivial   2 RH 1S J such that  =  (IS J j A); using a conformable partition,  = (S J j J),
  = S J. 
Observe that x 2 (g1(p;e1);::;fh(p;L;eh);::) if and only if there exist Lagrange multipliers, (h;
h) 2
R++  RS Jnf0g, such that,
(.2)
(D0u1(x1);D1u1(x1)) = 1(p0;p1)





= h (p0;p1) + (0;
h(I j  (L))p1);8h  2
p(x   eh) = 0;8h  2
(I j  (L))p1(x1   eh
1) = 0;8h  2
where  is taken s.t. L 2 W.
Proof of Proposition 1: Let us start with . When T

is restricted to E
J , x are equilibrium allo-
cations, and h = D01u1(x)=D01uh(x) 2 R++, for all h  2. To show that (L;) 2 MJ, observe that
xh 2 fh(p;L;e), by individual rst order conditions, implies that there exists a h 2 R++; 
h 2 RS J











 (L)) for all h  2; implying (L;(::;h;::)) 2 (H   1)?. Finally, assuming that E
J is a smooth
manifold and, exploiting the dierentiable structure of MJ, we conclude that T

has smooth coordinates,
i.e. it is smooth.
Next, consider . To show that T

is well dened, and smooth, it suces to prove that the set
of solutions to (4.3), is -respectively- nonempty and its elements, x(;L;), are smooth functions on

H 1
++ MJ. Nonemptiness follows from the fact that (4.3) is the maximization of a continuous function
on a compact set. Because utilities are strictly concave, for every system of welfare weights  dened
by some (;L;) 2 
H 1
++  MJ, this maximization has a unique solution. We establish that x(;L;)
is smooth in lemma 4, below.
We then argue that the image of T

is T 

















= 1(h;p1) = ((1 + h
s)ps)s1
where p 2 Rm
++ is the vector of Lagrange multipliers of the resource constraints; and markets
clear, x(;L;) 2 
(!). Notice that p = ru1(x1(;L;)) = 1
p01p 2 P, and e = x(;L;). We




, agents optimize; i.e. individual rst
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h for all h  2, we
make use of the mapping h (dened in the proof of lemma 1), granting that (
;L) = h 1
 (L;)











is restricted to T 
J . If (p;L;e) 2 E
J ,
and the equilibrium allocation is x = e, then individual rst order conditions, (.5), hold at e, and
so do (.4) at (;L;) = (p;L;e); because
P
h eh = !, e is a solution to (4.3) at (;L;) =
(p;L;e).
By lemma 2, T

denes the desired dieomorphism, and when T










Finally, the ber bundle structure of T 
J follows immediately from the structure of MJ. 
Lemma 4. x(;L;) is a smooth function on MJ  
H 1
++
Proof : The proof applies the implicit function theorem, and mimics the one used to show that the
interior maximum of a Pareto problem is a smooth function of the parameters. The only, minor, dierence
here is that problem (4.3) has welfare weights which are state-contingent. Indeed, in analogy with a
Pareto maximum problem, every solution of (4.3) is interior. Then, rst order (necessary and sucient)
conditions of (4.3) are,
1 h
sDslUh
s (xh)   DslU1




sl   ! = 0; s  0;l  1;
We denote this system as F(x;;!) = 0, and K the set of solutions of (4.3). Since K = ImF 1 (0), 0 is
a regular value of F if its Jacobian, DxF, is of full rank. Since uh are Cr2, F and x(;L;) are Cr1,












Im Im Im Im
Since column operations do not aect the rank of (.6), subtract the rst column block from the hth, for
h = 2;::;H; then, move the resulting Hth row block (a block{row vector of typical element Im in the rst
















































s 2 RLL. We are going to show that O is of full rank, because otherwise negative deniteness of












s. Post multiplying the latter by r1
T


































By assumption 2), the two terms in the latter expression are negative, and so is their sum. Hence, (.8)
is equal to zero if and only if r1
s;h = 0, for all s and all h  2. 


















have smooth coordinates and are dened between smooth manifolds. Moreover,











J : The endowments restrictions in (4.4) imply ImE

 E













++  MJ  b 
), is a smooth
submanifold of P  GJ;S  
 dieomorphic to 
H 1




Proof of Lemma 3:27 We proceed by showing that MJ and "NL 1+SJ(L 1) J are homeomorphic.
Then, since the latter is a vector bundle, it has a vector space structure on bers (over GJ;S); therefore
for MJ to be a manifold of dimension (NL   1) + SJL = (NL   1) + (S   J)J + J2 + SJ(L   1), we
need to show that such an homeomorphism is in fact a dieomorphism (i.e. it is smooth and has a smooth
inverse). To dene the desired homeomorphism, let r = (r(1);r( 1)) 2 RSLJ represent the whole vector






2 RSJ refers to commodity l = 1 and r( 1) 2 RSJ(L 1)

























= (p;L;R) is dened such that R is













for all (s;j)  (1;1).
Thus, M is an homeomorphism between MJ and "NL 1+SJ(L 1)  J, with its inverse, M
 1
= M.
27This proof is substantially the same of Theorem 6 in Zhou (1997a).CONSTRAINED INEFFICIENCY IN GEI: A GEOMETRIC ARGUMENT 21
Finally, to show that M is also a dieomorphism it suces to show that 0 is a regular value of (I j
 (L))V (p1R), or that its Jacobian with respect to R is of full row rank (S  J)J (as in Fact 7, Due
and Shafer (1985)). 
Proof of Proposition 3: Recall that the two mappings, E(p;(L;;V );b e;r( 1)) = (p;L;e;R) and
E(p;L;e;R) = (p;L;;b e) are dened between smooth manifolds, and have smooth coordinates. More-
over, by straightforward computations, E  E = id
H 1
++ NJb 
RSJ(L 1). To apply lemma 2, we need to
show that Im(E) = EJ. The restrictions imposed on the image of E imply that Im(E)  EJ. Indeed
every element (p;L;e;R) in the image of E is such that (p;L;e) is an -equilibrium, and (p;L;R) is
such that < V (p;R) > L. Next, Im(E)  EJ follows from the observation that E  E = idE. We
conclude that EJ = E(P  NJ  b 
  RSJ(L 1)); is a smooth submanifold of P  GJ;S  
(!)  RSJL
dieomorphic to P  NJ  b 
  RSJ(L 1) through E. 
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Summary of Mathematical Notation
GJ;S is the Grassmanian manifold of J-planes in RS
 =

L;y 2 GJ;S  RS : y 2 L
	
is the canonical vector bundle over GJ;S
? is the orthogonal complement of 
" is the trivial vector bundle
 is the Whitney sum
 = is an homeomorphism relation
 tensor product of vectors: for any x 2 RS, y 2 RSL, xy = (::::;xs (ys1;::ysl;::;ysL);:::) 2 RSL
_ [ denotes the disjoint union of sets